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1 Introduction

This paper explores possible relationships between the fine-structure constant, harmonic
music ratios, trigonometric identities, Phi, and geometric structures.

2 Main Harmonic Formula

The experimentally recommended CODATA 2022 value is:

α−1
CODATA = 137.035999177

The proposed harmonic approximation is:

α−1
harmonic ≈ 108

√
144

89
− 1

53 + 32

7·11

Evaluating the harmonic expression gives:

α−1
harmonic ≈ 137.035999134931

The difference is:

∆ = α−1
CODATA − α−1

harmonic

∆ ≈ 137.035999177− 137.035999134931

∆ ≈ 0.000000042069

∆ ≈ 4.2069× 10−8

This is the approximate difference between the harmonic expression and the CODATA
2022 recommended value.

1008 = 144× 7

1008

7
= 144

The main harmonic expression may be separated into a primary generator and a correction
term.

The primary generator is:

108

√
144

89
≈ 137.3757252

Since:
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144

89
≈ ϕ

we may also compare:

108
√

ϕ ≈ 137.3781222

Thus, the term:

108

√
144

89

places the expression naturally in the neighborhood of 137 The Fibonacci ratio 144/89
therefore acts as a Phi-based scaling field, while the correction term refines the approximation
toward the experimentally observed value.

The remaining term:

− 1

53 + 32

7·11

acts as a small harmonic correction, lowering the value toward the CODATA value. Since:

9 = 32

and:

77 = 7× 11

the correction denominator may also be written as:

125 +
9

77

Thus:

53 +
32

7× 11
= 125 +

9

77
= 125.1168831

This constructs the harmonic correction entirely from the prime numbers:

3, 5, 7, 11

which recur throughout the trigonometric, geometric, musical, and harmonic structures
developed in this paper.
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3 Phi Relationships

The Fibonacci ratio used in the primary harmonic generator is not arbitrary.
The Fibonacci sequence gives:

F12 = 144

and:

F11 = 89

Thus:

F12

F11

=
144

89
≈ ϕ

Since:

144 = 122

the value 144 simultaneously connects:

• Fibonacci convergence toward Phi,

• square-number geometry,

• harmonic scaling systems,

• and musical interval structures.

Therefore, the ratio:

144

89
may be interpreted as both a Fibonacci-Phi approximation and a harmonic geometric

scaling field.

ϕ =
1 +

√
5

2

πJ =
4√
ϕ

4 Trigonometric Harmonics

sin(18◦) = 0.3090

cos(144◦) = −0.8090

sin(54◦) = 0.8090
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5 Pythagorean Triangle

The Pythagorean Triangle:

A B

C

4

3

5

=⇒ ×9

A B

C

36

27

45

Figure 1: The classical Pythagorean 3:4:5 right triangle and its harmonic scaling by a factor
of 9, producing the proportional 27:36:45 triangle.

6 Musical Harmonic Ratios

Ratio Value Interval Name
1/1 1.0000 Unison
17/16 1.0625 Minor 2nd
9/8 1.1250 Major 2nd
6/5 1.2000 Minor 3rd
5/4 1.2500 Major 3rd
4/3 1.3333 Perfect 4th
7/5 1.4000 Tritone
3/2 1.5000 Perfect 5th
8/5 1.6000 Minor 6th
5/3 1.6667 Major 6th
9/5 1.8000 Minor 7th
15/8 1.8750 Major 7th
2/1 2.0000 Octave
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7 The 7/11 Harmonic Ratio

The harmonic ratio:

7

11
= 0.636363636 . . .

Its inverse is:

11

7
= 1.571428571 . . .

Comparison with Pi relationships:

2

π
≈ 0.636619772

π

2
≈ 1.570796327

Difference between the harmonic ratio and π/2:

11

7
− π

2
≈ 0.000632244

The ratio 11/7 may therefore represent a harmonic approximation related to circular
geometry and trigonometric structure.

8 7/11 and Circular Geometry

The ratio 7/11 may be written as:

7

11
= 0.636363636 . . .

Its inverse is:

11

7
= 1.571428571 . . .

This inverse ratio is close to the half-circle relationship:

π

2
≈ 1.570796327

Therefore:

11

7
≈ π

2

Using the 378-degree harmonic circle:

378÷ 7 = 54

and:
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378× 11

7
= 594

This suggests that the 7/11 and 11/7 ratios may connect harmonic number systems with
circular geometry.

Angular Harmonic Ratios

Using polygonal angle divisions of the circle:

360/7

360/11
=

11

7

which gives:

51.428571

32.727272
=

11

7

Likewise:

102.857142

65.454545
=

11

7

and:

154.285714

98.181818
=

11

7

showing a consistent angular relationship between the 7-gon and 11-gon systems.
Additional harmonic angle relationships include:

72

360/7
=

7

5
= 1.4

which corresponds to the harmonic tritone ratio.
Also:

108

72
=

3

2

representing the perfect fifth, and:

144

108
=

4

3

representing the perfect fourth.
The octave relationship also appears naturally:

72

36
= 2

Additional harmonic relationships include:

120

72
=

5

3
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and:

144

120
=

6

5

corresponding to traditional harmonic music intervals.
These recurring angular and harmonic ratios suggest possible structural relationships

between polygonal geometry, musical consonance, and circular division systems.

9 The 378 Harmonic Circle and Phi Recurrence

The 378-degree harmonic circle may be written as:

378 = 360× 21

20

Therefore:

378

360
=

21

20
= 1.05

Using the seven-based division:

378

7
= 54

gives the Phi-related trigonometric value:

sin(54◦) ≈ 0.809016994

A harmonic expansion gives:

5× 378 = 1890

and:

1890

54
= 35

Since:

35 = 5× 7

the tritone relationship appears naturally:

7

5
= 1.4

Using the tritone ratio:

378

(7/5)
= 270

The value 270 may then be related to the harmonic field 144:
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270

144
=

15

8
= 1.875

Returning the ratio:

378

270
=

7

5
= 1.4

This forms a harmonic loop connecting the tritone, the major seventh, and the 378-circle
system.

Another expansion gives:

378× 4 = 1512

with the Phi-related trigonometric recurrence:

cos(1512◦) ≈ 0.309016994

which corresponds to:

sin(18◦) ≈ 0.309016994

These relationships suggest that the 378 harmonic circle may encode recurring harmonic
and Phi-related angular structures connected to musical intervals and polygonal geometry.

10 Seven, Eleven, 252, Euler, and the Megalithic Yard

The 7 and 11 relationship may also be expressed as:

77

7
= 11

Since:

77 = 7× 11

we may write:

7× 11 = 77

A related harmonic number is:

252 = 7× 36

and also:

252 = 3× 84 = 9× 28 = 12× 21

Euler’s number is:

e ≈ 2.718281828
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The Megalithic Yard is often approximated as:

MY ≈ 2.72

Using the harmonic decimal shift:

2.72 −→ 272

The number 272 may be connected to the minor second ratio:

272

256
= 1.0625

and:

1.0625 =
17

16

Therefore:

272

28
=

272

256
=

17

16

Another harmonic expansion is:

272× 9 = 2448

Additional relationships appear when the number 272 is expanded through harmonic multi-
plication:

272× 9 = 2448

Since:

144× 17 = 2448

we may write:

272× 9 = 144× 17

Thus:

2448

144
= 17

and:

17

16
= 1.0625

The number 2448 may also be reduced by octave division:

2448

23
=

2448

8
= 306
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The angular value 306 degrees gives:

sin(306◦) ≈ −0.809016994

which is the negative Phi-related trigonometric value associated with pentagonal geom-
etry.

Likewise:

cos(2448◦) ≈ 0.309016994

which corresponds to the Phi-related value:

sin(18◦) ≈ 0.309016994

Another angular reduction gives:

2448

18
= 136

and therefore:

136 + 1 = 137

These relationships suggest that 272 may act as a harmonic bridge between the Megalithic
Yard, the 17/16 minor second, the 144 harmonic field, and Phi-related angular geometry.

This suggests that 272, the Megalithic Yard, Euler’s number, and the ratio 17/16 may
form a harmonic bridge between ancient measurement, music theory, and mathematical
constants.

11 The Harmonic Significance of 108

The number 108 appears repeatedly as a harmonic, geometric, and musical value.

108 = 22 × 33

In the musical system:

108 = A

The number 108 is also one-fourth of 432:

432÷ 4 = 108

and therefore:

108× 4 = 432

It is also one-half of 216:

216÷ 2 = 108
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and twice 54:

54× 2 = 108

Using the perfect fifth ratio:

72× 3

2
= 108

Using the perfect fourth inverse relationship:

144× 3

4
= 108

The Great Pyramid base relationship may be written as:

756÷ 7 = 108

Since half of 756 is 378:

378÷ 7 = 54

and therefore:

2× 54 = 108

Using the 378-degree harmonic circle:

378× 2

7
= 108

Thus, 108 may be interpreted as a bridge between the 432 harmonic system, the 144
harmonic system, the 72 harmonic system, and the 7-based geometry of the Great Pyramid.
The numbers 72, 108, and 144 form a simple harmonic chain:

72× 3

2
= 108

and:

108× 4

3
= 144

Therefore:

72× 3

2
× 4

3
= 144

which simplifies to:

72× 2 = 144

This expresses an octave completion through the perfect fifth and perfect fourth.
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12 A Harmonic Interpretation of 137

The inverse fine-structure constant is approximately:

α−1 ≈ 137.035999

The number 137 has fascinated physicists because it appears as one of the fundamental
dimensionless constants of nature.

One harmonic approximation explored in this paper begins with the relationship:

1008 = 144× 7

and:

1008

7
= 144

The number 144 is significant because:

144 = 24 × 32

and also appears in harmonic music systems, geometric constructions, and Fibonacci
relationships.

The harmonic ratio:

11

7
≈ 1.571428571

is close to:

π

2
≈ 1.570796327

with difference:

11

7
− π

2
≈ 0.000632244

The reciprocal ratio is:

7

11
= 0.636363636 . . .

which is close to:

2

π
≈ 0.636619772

Using the 378-degree harmonic circle:

378÷ 7 = 54

and:
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11

7
≈ π

2

The number 108 also connects harmonically with:

432÷ 4 = 108

and:

72× 3

2
= 108

The geometric and harmonic recurrence of the numbers:

7, 11, 54, 72, 108, 144, 378, 432

suggests the possibility of an underlying harmonic structure connecting music ratios,
geometry, and mathematical constants.

This paper does not claim a final derivation of the fine-structure constant, but instead
explores whether harmonic relationships may provide useful geometric or numerical insights
into its structure.
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13 Fibonacci Phi and Harmonic Tritone Relationships

Using the Fibonacci approximation to Phi:

144

89
≈ ϕ

and the circular approximation:

11

7
≈ π

2

we may form the ratio:

144/89

11/7
≈ 1.029622063

Using the harmonic tritone ratio:

7

5
= 1.4

gives: (
144/89

11/7

)
× 7

5
≈ 1.44152119

which is close to:

36

25
= 1.44

Thus: (
144/89

11/7

)
× 7

5
≈ 36

25

The expression may also be written:

144

89
× 49

55

where:

49 = 72

and:

55 = 5× 11

Since:

144 = 122

the expression may be rewritten symbolically as:
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122 × 72

89× 5× 11

connecting Fibonacci numbers, harmonic ratios, polygonal geometry, and tritone struc-
ture within a single algebraic framework.

These relationships do not constitute a proof of the fine-structure constant, but may
suggest deeper geometric and harmonic symmetries worthy of further investigation.

14 Phi Mirror Angles and Harmonic Symmetry

The angular values 126 degrees and 306 degrees form a Phi-related trigonometric mirror
pair.

Using the sine function:

sin(126◦) ≈ 0.809016994

and:

sin(306◦) ≈ −0.809016994

Thus, the magnitudes are equal while the signs are opposite.
Adding the angular values gives:

306 + 126 = 432

while subtracting gives:

306− 126 = 180

Within the harmonic music system, these values may be associated with:

432 = A

and:

180 = F#

The ratio between the angular values is:

306

126
=

17

7
≈ 2.428571429

Raising this ratio to harmonic powers gives:
and: (

17

7

)5

≈ 84.48009758

(
17

7

)7

≈ 498.2601674
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The product of the angular values gives:

306× 126 = 38556

with prime factorization:

38556 = 22 × 34 × 7× 17

Since:

306 = 18× 17

and:

126 = 18× 7

the product may also be written:

38556 = 182 × 7× 17

Another Phi-related recurrence appears through:

cos(38556◦) ≈ 0.809016994

These relationships suggest that the angular pair 126 degrees and 306 degrees may form a
harmonic mirror structure linking Phi trigonometric values, musical harmonics, and recursive
number symmetries.

15 Recursive Harmonic Transformation Fields

The harmonic field based on 144 may be transformed through square-root operators and
musical interval ratios.

Using the square-root transformation:

144√
2
≈ 101.8233765

and:

144√
9
= 48

Repeated square-root operations collapse back into harmonic integer divisions:

144√
10
√
10

=
144

10
= 14.4

and:

144√
12
√
12

=
144

12
= 12
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These transformed values may then be propagated through harmonic music ratios.
Starting from:

72

the interval system generates:

72× 5

4
= 90

72× 3

2
= 108

and:

72× 2 = 144

Using the tritone relationship:

72× 7

5
= 100.8

Another harmonic bridge appears through the 378-degree harmonic circle.
Since:

378 = 360× 21

20

and:

378

7
= 54

we obtain:

sin(54◦) ≈ 0.809016994

A harmonic expansion gives:

5× 378 = 1890

and:

1890

54
= 35

Since:

35 = 5× 7

the tritone ratio appears naturally:

7

5
= 1.4
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Using this ratio:

378

(7/5)
= 270

and:

270

144
=

15

8
= 1.875

Returning the ratio:

378

270
=

7

5

Another transformation appears through:

5000√
16

= 1250

and:

1890

1250
= 1.512

giving the angular recurrence:

cos(1512◦) ≈ 0.309016994

which corresponds to the Phi-related trigonometric value.
These recursive harmonic transformations suggest that square-root fields, musical interval

ratios, and angular recurrence structures may form interconnected harmonic lattices.
Since:

125 = 53

and:

9 = 32

another recursive harmonic transformation appears through:

32

53
× 103 =

9

125
× 1000 = 72

Within the harmonic musical system, the value 72 corresponds to D, which is one octave
below 144.

Thus, the transformation:

144 → 72

preserves the harmonic identity while reducing the octave.
The angular recurrence then gives:
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cos(72◦) ≈ 0.309016994

which regenerates the Phi-related trigonometric value appearing throughout the harmonic
system.

This suggests that square and cubic harmonic operators may recursively propagate Phi-
related angular structures through octave-preserving transformations.

16 The 11/7 Ratio and the Pi Connection

An unexpected relationship emerged during further analysis of the harmonic ratio

11

7
= 1.571428571

which was compared directly to

π

2
= 1.570796327

The difference is

11

7
− π

2
= 0.000632244634

The relative ratio is

11/7

π/2
= 1.000402499

showing that the harmonic ratio 11/7 closely approximates π/2.
Taking the square root gives √

11

7
= 1.253566341

which lies remarkably close to the harmonic major third

5

4
= 1.25

with difference √
11

7
− 5

4
= 0.003566341

This suggests that the harmonic ratio 11/7 may occupy a special position linking circular
geometry and musical harmonic structure.

The connection becomes particularly interesting because the same investigation revealed

cos(51.82729238◦) =
1

Φ
= 0.6180339887
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and

137.035999√
7

= 51.79473915◦

which differs from the Giza–Phi angle by only

0.03255323462◦.

Together these observations suggest a possible relationship between the constants

7, 11, Φ, π, 137

17 The 11/7 Ratio and Harmonic Approximations

A further investigation revealed a remarkable relationship between the harmonic ratio

11

7
= 1.571428571

and

π

2
= 1.570796327.

The difference is

11

7
− π

2
= 0.000632244634.

The relative ratio is

11/7

π/2
= 1.000402499.

Taking the square root gives √
11

7
= 1.253566341,

which lies close to the harmonic major third

5

4
= 1.25.

The difference is √
11

7
− 5

4
= 0.003566341.

These observations suggest that the ratio 11/7 may occupy a special position linking
circular geometry and harmonic interval relationships.

The investigation next turned to the numbers 252 and 272.
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The number 252 exhibits a remarkable trigonometric property:

cos(252◦) = −0.3090169944

while

272× 9 = 2448

and

cos(2448◦) = 0.3090169944.

Thus both numbers regenerate the same Phi-related magnitude

0.3090169944 =
1

2Φ
.

The relationship becomes more interesting because

272 = 16× 17

and

272− 252 = 20.

The harmonic connection to the Fibonacci number 144 is

272

144
= 1.888888889 =

17

9
.

Rearranging gives

144× 17

9
= 272.

The ratio

17

16
= 1.0625

also appears through

144× 17

16
= 153.

Since

153 = 9× 17

and

272 = 16× 17,

the numbers 144, 153, and 272 form an exact arithmetic family connected by the integer
17.
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The digit sum of 252 is

2 + 5 + 2 = 9

while the digit sum of 272 is

2 + 7 + 2 = 11.

This links the numbers symbolically to the harmonic families already encountered through
7, 9, 11, and 17.

within a common geometric framework.

α−1 ≈ 108

√
144

89
− 1

53 + 32

7·11

108

√
144

89
− 1

53 + 32

7·11

= 137.0359991349

18 Fractal Hypothesis for the Fine-Structure Constant

During the investigation of the fine-structure constant, a new possibility emerged. The goal
was originally to construct a single algebraic expression that reproduces the experimental
value of

α−1 ≈ 137.035999177.

One candidate formula was

α−1 ≈ 108

√
144

89
− 1

125 + 9
77

= 137.0359991349.

The remarkable proximity of this result to the experimental value led to a deeper question.
Is the formula itself fundamental, or is it merely a finite approximation to a recursive process?

The investigation revealed repeated appearances of the geometric roots

√
2,

√
3,

√
5,

√
7,

which correspond to the earliest and strongest harmonic relationships found in geometry
and the overtone series.

These roots naturally arise from:

• (
√
2) — square geometry,

• (
√
3) — triangular and hexagonal geometry,

• (
√
5) — pentagonal geometry and the golden ratio,

• (
√
7) — a recurring harmonic correction associated with the 7-fold family.

24



Repeated reduction by these roots suggests a fractal-like hierarchy rather than a single
closed algebraic identity.

The guiding principle is simplicity. Nature frequently appears to operate through re-
peated application of simple rules rather than through arbitrarily complicated equations.
Examples include snowflakes, branching trees, vascular systems, and many other fractal
structures.

This suggests the following working hypothesis:

The fine-structure constant may not be generated by a single algebraic identity.
Instead, it may emerge from a recursive harmonic-geometric process governed
primarily by the fundamental root systems

√
2,

√
3,

√
5, and

√
7.

Under this interpretation, the algebraic formula above is not necessarily the final result.
Rather, it may represent a finite approximation to a deeper fractal process.

Consequently, the residual difference between the formula and the experimental value
should not automatically be regarded as an error. It may instead represent the next level of
a recursive harmonic correction.

This viewpoint shifts the central question from:
[ “What equation equals 137?” ]
to
[ “What simple recursive law converges toward 137?” ]
The overtone series and the primary geometric roots may therefore provide the key to a

deeper understanding of the fine-structure constant.

19 Additional Observations on Recursive Harmonic Struc-

ture

During further investigation, several remarkable relationships emerged from the numbers
already present in the candidate formula:

α−1 ≈ 108

√
144

89
− 1

53 + 32

7·11

The number 144 proved especially noteworthy. It is simultaneously:

144 = F12,

the twelfth Fibonacci number,

144

89
≈ ϕ,

a finite Fibonacci approximation to the golden ratio,
and

√
144 = 12.
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Furthermore,

36

25
= 1.44 =

144

100
,

revealing a direct connection between the number 144 and the tritone ratio used in the
author’s harmonic system.

A particularly interesting result was obtained from root analysis:

1441/11 = 1.571139589,

while

11

7
= 1.571428571.

The difference is only

0.000288982.

This relationship is notable because both 144 and the harmonic pair (7, 11) already appear
within the structure of the candidate formula.

Additional exact identities include:

√
144 = 12,

and

3
√
125 = 5.

These observations suggest that the numbers 3 and 5 may act as primary geometric
generators, while 7 and 11 may function as harmonic correction terms.

The investigation therefore raises an important question:

Is the fine-structure constant generated by a single closed algebraic expression,
or by a recursive harmonic process whose finite approximations converge toward
the observed value?

The repeated appearance of Fibonacci ratios, geometric roots, harmonic intervals, and
overtone-related structures suggests that the candidate formula may be better interpreted
as a finite approximation to a deeper recursive process rather than as an isolated numerical
coincidence.

Future work will focus on identifying the simplest recursive law capable of reproducing
the observed structure.
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20 The Recursive Residual Hypothesis

The investigation of the fine-structure constant has revealed two distinct but potentially
related structures.

The first is the harmonic formula itself:

α−1 ≈ 108

√
144

89
− 1

53 + 32

7·11

which reproduces the experimental value with extremely high accuracy.
The second structure emerges when the remaining residual error is examined indepen-

dently.
Let

R = α−1
experimental − α−1

formula.

The residual is very small:

R ≈ 1.74429× 10−6.

Rather than treating this residual as random error, an alternative possibility is that it
represents the next level of a recursive process.

Several observations support this hypothesis.
First, the finite Fibonacci ratio

144

89
= 1.617977528 . . .

exhibits smooth convergence toward unity under successive root reduction:(
144

89

)1/n

.

For increasing values of n, (
144

89

)1/n

→ 1.

Likewise, its reciprocal

89

144
= 0.618055556 . . .

approaches unity from below.
The two sequences form a symmetric pair:(

144

89

)1/n(
89

144

)1/n

= 1.

This behavior is characteristic of recursive scaling systems.
Second, the residual appears to respond to scaling by
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√
2π = 2.506628275 . . .

which substantially reduces the remaining error.
This suggests that the residual may not be arbitrary, but may itself possess hidden

structure.
The working hypothesis therefore becomes:

The candidate formula may represent a finite harmonic approximation to a deeper
recursive process. The observed residual may correspond to the next level of that
recursion.

Under this interpretation, the central question changes from:

“What equation equals 137?”

to:

“What recursive law converges toward the observed value of the fine-structure
constant?”

Future work will focus on identifying whether the recursive process is governed primarily
by finite Fibonacci ratios, geometric root systems, harmonic intervals, or a combination of
these structures.

A noteworthy observation is that the finite Fibonacci ratio

144

89

exhibits monotonic convergence toward unity under repeated root reduction.
For prime root orders

n = 2, 3, 5, 7, 11, 13, 17, 19, 23,

the sequence (
144

89

)1/n

approaches unity smoothly and without oscillation.
This behavior suggests that the ratio may act as a recursive scaling generator rather than

merely a static numerical constant.
The persistence of the numbers

144, 89, 108, 3, 5, 7, 11

throughout the harmonic formula, the root-reduction analysis, and the residual inves-
tigations suggests that these quantities may form the primary structural framework of the
observed relationship.

28



20.1 Recurring Harmonic Families

In addition to the Fibonacci and root structures already identified, a recurring harmonic
family appears throughout the author’s overtone and magic-square investigations.

Starting from the fundamental value

D = 144,

the minor-second ratio

17

16

produces

144× 17

16
= 153.

This value generates the octave sequence

153, 306, 612, 1224, 2448, 4896.

Likewise, the principal harmonic tones generate the octave families

D = 144, 288, 576, 1152, . . .

E = 162, 324, 648, 1296, . . .

F ♯ = 180, 360, 720, 1440, . . .

A = 216, 432, 864, 1728, . . .

These values repeatedly emerge in the author’s analyses of overtone structures, harmonic
ratios, and magic-square mappings.

The persistence of the tones

D, F ♯, A, E

corresponds to the interval structure of a D-major-add-9 sonority, while the appearance
of

D♯ = 153

introduces a minor-second (flat-nine) relationship relative to D.
Whether these recurrences are merely consequences of the chosen harmonic mapping or

evidence of a deeper recursive structure remains an open question. Nevertheless, the repeated
appearance of the same harmonic families across multiple independent investigations suggests
that they deserve further study.

The difference is 0.069444444, which equals 10
144

= 5
72
.
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Since 144 = 2 × 72, the correction contains both members of the harmonic pair 72 and
144.

Equivalently, 0.069444444 = 10
(

1
144

)
.

The appearance of 1
144

= 0.006944444444 . . . may indicate a connection between the
inverse Fibonacci scaling process and the harmonic 72–144 framework.

20.2 Structural Primes, Tuner Primes, and Commas

The harmonic investigations suggest three distinct classes of numbers.
The first class consists of structural primes. These are the primes that form the basic

architecture of the harmonic system:

2, 3.

In music, the prime 2 generates the octave, while the prime 3 generates the perfect fifth.
Together, these two primes form the foundation of Pythagorean harmony.

The second class consists of tuner primes:

5, 7, 11, 17.

These primes do not appear to create the primary structure. Instead, they modify, color,
or tune the structure. For example, 5 introduces the major-third family, 7 introduces the
harmonic seventh family, 11 introduces an extended harmonic correction, and 17 introduces
the minor-second family used in the author’s scale.

The third class consists of commas. A comma is not a note, frequency, or ordinary
harmonic ratio. Rather, it is a correction between two harmonic systems.

Examples include the syntonic comma,

81

80
,

and the Pythagorean comma,

531441

524288
=

312

219
.

These commas measure the small discrepancies that arise when different harmonic sys-
tems are compared.

Thus the system may be organized as follows:

Structural primes: 2, 3

Tuner primes: 5, 7, 11, 17

Correction terms: commas

This suggests that music theory may be viewed not simply as a collection of intervals,
but as a hierarchy of structure, color, and correction.
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Under this interpretation, the residual terms that appear in the investigation of the
fine-structure constant may also behave like commas. They may represent small correction
factors between a finite harmonic construction and the measured physical value.

Harmonic Strength and Factor Richness Independent studies of overtone generation
indicate that certain harmonic numbers arise through multiple factor pathways. Harmonics
such as 24, 48, 72, and 96 appear as prominent peaks because they may be generated by a
large number of multiplicative combinations.

This observation suggests a possible connection between harmonic strength and factor
richness. Numbers possessing many divisors or many factor decompositions may act as
preferred harmonic carriers.

The recurring appearance of the numbers 48, 60, and 72 is notable. In the author’s
musical framework these correspond to the notes G, B, and D, which form a consonant
triadic structure. Similar values repeatedly emerge in overtone analyses and magic-square
investigations.

21 A Novel Harmonic Perspective

The purpose of the present investigation is not to claim a final or exact derivation of the
inverse fine-structure constant. Rather, it is to present a novel harmonic-geometric frame-
work that produces a value remarkably close to the experimentally measured constant and
suggests new avenues for investigation.

The approach differs from many traditional derivations in that it begins with harmonic
ratios, overtone structures, divisor-rich numbers, Fibonacci relationships, and recursive cor-
rection terms. The repeated appearance of the same numerical families across independent
investigations suggests that the observed agreement may not be entirely accidental.

At present, the proposed formula should be regarded as a harmonic approximation and a
research hypothesis rather than a definitive physical law. Whether the remaining discrepancy
represents a deeper recursive structure, a correction term analogous to a musical comma, or
a limitation of the present model remains an open question.

Nevertheless, the appearance of coherent harmonic families, octave relationships, struc-
tural primes, tuner primes, and divisor-rich numbers suggests that the inverse fine-structure
constant may possess an underlying organizational structure that has not yet been fully
explored.

Prime Structure of the Harmonic Formula

The harmonic approximation may be written in a compact prime-factor form:

α−1 ≈ 108

√
144

89
− 1

53 + 32

7·11

.

This expression combines several recurring structures that emerged independently during
the investigation:
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108,
144

89
, 53, 32, 7, 11.

The ratio

144

89
= 1.617977528

is extremely close to the golden ratio

ϕ = 1.618033989.

The correction term

32

7 · 11
=

9

77

contains the harmonic numbers 7 and 11 together with the square of 3. The appearance
of 32 is especially noteworthy because it generates the number 9, which is related to the
18-degree pentagonal geometry through

9× 2 = 18,

and

sin(18◦) = 0.309016994 . . .

a value that repeatedly appears throughout the harmonic investigations.

21.1 Fifth-Power Relationship and the Eleven Family

An additional numerical relationship emerged during the investigation.
The Fibonacci ratio

144

89
= 1.617977528

raised to the fifth power gives(
144

89

)5

= 11.08823514.

Likewise, the golden ratio satisfies

ϕ5 = 11.09016994.

Both values lie extremely close to the harmonic number 11:(
144

89

)5

− 11 = 0.08823514,

and
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ϕ5 − 11 = 0.09016994.

The correction denominator appearing in the harmonic formula,

D = 125 +
32

7 · 11
= 125 +

9

77
= 125.1168831,

also exhibits an unexpected relationship to the same numerical family:

D(
144
89

)5 = 11.28178231,

and

D

ϕ5
= 11.28375089.

Thus, the Fibonacci approximation 144/89, the golden ratio ϕ, and the correction de-
nominator 125 + 9

77
all independently generate values in the immediate neighborhood of

11.
Whether this recurring appearance of the eleven-family is a fundamental property of

the harmonic construction or merely a numerical coincidence remains an open question.
Nevertheless, the repeated occurrence of 11 across multiple independent calculations suggests
that it deserves further investigation.

21.2 The Special Role of the Fibonacci Ratio 144/89

A natural question is whether the harmonic formula merely approximates the golden ratio
ϕ, or whether it specifically prefers the Fibonacci ratio

144

89
.

To test this hypothesis, several consecutive Fibonacci convergents were substituted into
the harmonic formula while keeping the correction term fixed:

α−1 ≈ 108

√
R− 1

125 + 9
77

,

where R is a Fibonacci ratio.
The results are shown below:

Fibonacci Ratio Difference from CODATA
89/55 0.008693892601
144/89 0.000000042069
233/144 0.003320623079
377/233 0.002052224001

The result is remarkable. Although
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233

144

and

377

233

are both closer approximations to the golden ratio ϕ than

144

89
,

they produce substantially worse agreement with the experimental value of the fine-
structure constant.

The unique winner is

144

89
.

This suggests that the formula is not simply selecting the best approximation to ϕ.
Instead, it appears to prefer a specific stage of the Fibonacci sequence.

This observation is particularly noteworthy because 144 is simultaneously:

144 = 122,

the twelfth Fibonacci number,

F12 = 144,

and a central value within the harmonic music framework explored throughout this in-
vestigation.

The evidence therefore suggests that the finite Fibonacci ratio

144

89

plays a more fundamental role in the harmonic construction than the limiting value ϕ
itself.

Whether this reflects a deeper recursive structure or a unique harmonic resonance re-
mains an open question. Nevertheless, the experiment demonstrates that replacing 144/89
with Fibonacci ratios that are closer to ϕ degrades the accuracy of the formula rather than
improving it.

21.3 Alternative Representation of the Correction Denominator

The correction denominator appearing in the harmonic formula may be written as

D = 53 +
32

7 · 11
.

Since
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53 = 125,

and

112 + 22 = 121 + 4 = 125,

the same denominator can also be expressed as

D = 112 + 22 +
32

7 · 11
.

Substituting either form into the harmonic formula gives identical numerical results:

α−1 ≈ 108

√
144

89
− 1

53 + 32

7·11

= 137.03599913493,

and

α−1 ≈ 108

√
144

89
− 1

112 + 22 + 32

7·11

= 137.03599913493.

The agreement between the two forms is exact because

53 = 112 + 22.

This alternative representation is noteworthy because it introduces the numbers

2, 3, 7, 11

directly into the denominator structure. These same numbers repeatedly appear through-
out the harmonic, geometric, and overtone investigations.

Whether this relationship is merely algebraic or reflects a deeper structural connection
remains an open question. Nevertheless, the identity

53 = 112 + 22

provides an unexpected bridge between the cubic form and the 7–11 numerical family.

21.4 The Minor Third and the Number 144

The justly tuned minor third is given by the ratio

6

5
= 1.2.

Squaring this ratio gives (
6

5

)2

=
36

25
= 1.44.
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Multiplying by 100 yields

100

(
6

5

)2

= 144.

Thus the number 144 may be expressed as

144 = 100

(
6

5

)2

.

This relationship is noteworthy because the harmonic ratio 6/5, representing the minor
third, returns directly to the number 144 through a simple square operation.

The identity may also be written as

1.44 =
36

25
=

(
6

5

)2

.

In prime-factor form, (
6

5

)2

=
22 · 32

52
.

This reveals the recurring appearance of the numbers 2, 3, and 5, which already play
important roles throughout the harmonic construction.

It is also interesting that

144 = 122,

while

1.44 =

(
12

10

)2

=

(
6

5

)2

.

Thus the minor-third ratio provides another unexpected pathway leading back to the
number 144.

22 The 3-4-5 Triangle, Seven, and Eleven

The enlarged 3-4-5 triangle gives:

27 + 36 + 45 = 108

Thus the perimeter of the scaled triangle is 108, which belongs to the A family.
The semiperimeter is:

108/2 = 54

Since 54 is also in the A family, the 7-field appears naturally through:

54× 7 = 378
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The 11-field appears through the D-family value 36:

36× 11 = 396

Therefore:

378 = 7× 54

and:

396 = 11× 36

This suggests that the 7-field may be connected with the A-family semiperimeter, while
the 11-field may be connected with the D-family side of the triangle.

The scaled 3-4-5 triangle may therefore provide a geometric bridge between:

3, 4, 5, 7, 11, 36, 54, 108

22.1 The Circle Family and the Fine-Tuning Primes 7 and 11

An interesting numerical structure emerges from the circle-related values

252, 360, 378, 396.

The numbers 252 and 396 are generated from a common harmonic base of 36:

252 = 36× 7,

396 = 36× 11.

Likewise,

360 = 36× 10.

Thus, the values 252, 360, and 396 form a simple family generated from the common hub
value

36.

The ratio between 396 and 252 is

396

252
=

11

7
= 1.571428571 . . .

which is exactly one-half of the classical approximation

22

7
= 3.142857142 . . .

for π.
A second circle appears naturally through the ratio
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378

360
= 1.05 =

21

20
.

This introduces the harmonic pair 21 and 20, while preserving the connection to the
circle.

The resulting circle family is therefore

252, 360, 378, 396.

These values are linked by the primes 7 and 11, which repeatedly appear throughout the
harmonic construction.

A notable observation is that all four numbers reduce digitally to 9:

2 + 5 + 2 = 9,

3 + 6 + 0 = 9,

3 + 7 + 8 = 18 → 9,

3 + 9 + 6 = 18 → 9.

Thus, the entire family belongs to a common digital-harmonic class.
Within this framework, the primes 7 and 11 may be viewed as fine-tuning parameters.

The larger structures establish the harmonic framework, while the factors involving 7 and
11 provide small corrections that refine the numerical relationships. This behavior is anal-
ogous to the fine tuners on a violin: the primary tuning is established first, and then small
adjustments are applied to achieve precise resonance.

The recurring appearance of the numbers 7, 11, 21, 22, 77, 252, 378, and 396 suggests
that these quantities form a coherent harmonic network worthy of further investigation.

22.2 A Simple Golden-Angle Correction Formula

Using the Fibonacci approximation to the Golden Ratio,

ϕ ≈ 144

89
,

the Golden Angle may be written as

360

(
1− 1

144/89

)
.

Since

1

144/89
=

89

144
,

it follows that
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360

(
1− 89

144

)
= 360

(
55

144

)
= 137.5.

Thus, the Fibonacci-Golden-Angle construction yields the exact value

137.5.

The experimental inverse fine-structure constant is

α−1 = 137.035999177 . . .

so the remaining discrepancy is

137.5− 137.035999177 = 0.464000823 . . .

A remarkably simple approximation to this correction is

0.464 =
58

125
=

2× 29

53
.

An equivalent derivation is

29× 16

53
=

464

125
= 3.712,

and

3.712

23
= 0.464.

Substituting this correction into the Golden-Angle expression gives

137.5− 58

125
= 137.036.

Therefore,

α−1 ≈ 360

(
1− 89

144

)
− 2× 29

53

which evaluates to

137.036.

This expression is not as precise as the harmonic square-root formula presented earlier,
but it is noteworthy for its simplicity. The construction combines the Fibonacci approxima-
tion to the Golden Ratio with a small correction term derived from the octave-reduced value
29 and the harmonic quantity 53 = 125.

The result suggests an interpretation in which the Golden Angle provides the primary
structure, while the correction term acts as a fine-tuning adjustment analogous to the fine
tuners of a violin.
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22.3 A Golden-Angle Fine-Tuning Construction

Using the Fibonacci approximation to the Golden Ratio,

ϕ ≈ 144

89
,

the Golden Angle becomes

360

(
1− 1

144/89

)
= 360

(
55

144

)
= 137.5.

Thus, the Fibonacci-Golden-Angle construction yields the exact value

137.5.

The experimentally measured inverse fine-structure constant is

α−1
CODATA = 137.035999177 . . .

The difference is

137.5− 137.035999177 = 0.464000823 . . .

A simple harmonic approximation to this correction is

0.464 =
58

125
=

2× 29

53
.

This leads to the approximation

137.5− 58

125
= 137.036.

A further refinement is obtained by introducing a small correction term based upon the
harmonic note C.

In the D=144 harmonic system,

C = 144

(
9

5

)
= 259.2.

Using twelve octaves,

259.2× 212 = 1,061,683.2.

The refined approximation becomes

α−1 ≈ 137.5− 58

125
− 1

259.2× 212
.

Evaluating this expression gives

α−1 ≈ 137.035999058.
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This differs from the experimental value by only

1.19× 10−7.

The appearance of the factor 212 is noteworthy, as the number 12 repeatedly appears
throughout harmonic theory, octave structure, music, geometry, and the Fibonacci-based
constructions explored in this work.

Within this interpretation, the Golden Angle provides the primary structure, the term
58/125 acts as a fine-tuning correction, and the octave-scaled harmonic note C provides a
micro-correction that brings the result remarkably close to the experimental value.

22.4 A Possible Harmonic Micro-Comma Correction

Starting from the Fibonacci-Golden-Angle construction,

360

(
1− 89

144

)
= 137.5,

and introducing the harmonic correction

58

125
= 0.464,

gives

137.5− 58

125
= 137.036.

Comparing this result with the experimental inverse fine-structure constant,

α−1
CODATA = 137.035999177 . . . ,

leaves a small residual difference

δ = 137.036− 137.035999177 = 8.23× 10−7.

This residual may be interpreted as a harmonic micro-comma.
An interesting observation is that repeated octave scaling of this residual approaches the

value of
√
3:

δ × 221 ≈ 1.72537,

while

√
3 = 1.73205 . . . .

This suggests the approximation

δ ≈
√
3

221
.

Substituting this micro-correction into the Golden-Angle expression gives

41



α−1 ≈ 137.5− 58

125
−

√
3

221

or equivalently,

α−1 ≈ 360

(
1− 89

144

)
− 58

125
−

√
3

221
.

In this interpretation, the construction consists of three levels:

1. A primary Fibonacci-Golden-Angle structure yielding 137.5.

2. A harmonic fine-tuning correction of 58/125 = 0.464.

3. A micro-comma correction approximated by
√
3/221.

The appearance of the octave factor 221 and the geometric constant
√
3 may indicate

a deeper relationship between harmonic scaling, geometry, and the numerical value of the
inverse fine-structure constant.

22.5 A Three-Level Harmonic Approximation

Beginning with the Fibonacci approximation to the Golden Ratio,

ϕ ≈ 144

89
,

the corresponding Golden Angle is

360

(
1− 89

144

)
= 137.5.

This value exceeds the experimental inverse fine-structure constant

α−1
CODATA = 137.035999177 . . .

by

137.5− 137.035999177 = 0.464000823 . . .

A simple harmonic approximation to this correction is

58

125
= 0.464.

Applying this correction gives

137.5− 58

125
= 137.036.

The remaining difference is
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137.036− 137.035999177 = 8.23× 10−7.

An additional observation is that this residual scales by repeated octaves toward the
geometric constant

√
3: (

8.23× 10−7
)
221 ≈ 1.72537,

while

√
3 = 1.73205 . . .

This suggests the micro-correction

√
3

221
.

Combining both correction terms yields

α−1 ≈ 137.5− 58

125
−

√
3

221

or, equivalently,

α−1 ≈ 360

(
1− 89

144

)
− 58

125
−

√
3

221
.

Evaluating this expression gives

137.035999174094.

Comparing with the experimental value,

137.035999177000,

the difference is

2.906× 10−9.

Thus the approximation agrees with the experimental value to approximately nine deci-
mal places.

Within this framework, the construction may be interpreted as consisting of three levels:

1. A primary Fibonacci-Golden-Angle structure.

2. A harmonic fine-tuning correction of 58/125.

3. A micro-comma correction of
√
3/221.

Whether these relationships reflect a deeper physical structure or represent a remarkable
numerical coincidence remains an open question worthy of further investigation.
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